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Abstract. We study hyperbolic type pseudodifferential equations and Riesz 
kernels attached to certain quadratic forms over p-adic fields. We attach to an 
elliptic quadratic form of dimension four a family of distributions depending 
on a complex parameter, the Riesz kernels, and show that these distributions 
form an Abelian group under convolution. This result implies the existence 
of fundamental solutions for certain pseudodifferential equations like in the 
classical case. We introduce the notions of classical and weak solution for a 
large class of pseudodifferential equations and give a method for computing 
weak solutions. We also show that these equations admit plane waves as weak 
solutions. We construct explicit fundamental solutions for pseudodifferential 
operators whose symbol is a diagonal quadratic form. 



1. Introduction 

This paper aims to study hyperbolic type pseudodifferential equations and Riesz 
kernels attached to quadratic forms over p-adic fields motivated by [4| , , 112] , 
[13] . |14j . [15j . |18j . |17j . To present our results consider the quadratic form 
/* (£) =£? + •• ■ + ~- where n and — I are even numbers. We at- 

tach to this quadratic form the pseudodifferential operator dtp := J 7-1 |/* |^ T [if] , 
where T denotes the Fourier transform, a > 0, and ip is a test function, and the 
pseudodifferential equation 

(1.1) Du — 4>, 4> a test function. 

We introduce the notions of classical and weak solution for a large class of 
pseudodifferential equations which includes (II. ip and show the existence of weak 
solutions having the form u = E a * <p + uh, where Ouh = 0, see Theorem [5] The 
construction of uh requires the study of the Fourier transforms of distributions 
supported on certain p-adic submanifolds attached to the polynomial /*, see Sec- 
tions [6T2]|6T3l On the other hand, E a is a fundamental solution of (|1.1[) constructed 
using the technique introduced by Atiyah in [2] and adapted by the second author 
to the p-adic case in [31] , see also [25] . This technique is based on the existence of 



2000 Mathematics Subject Classification. Primary 35S05, 11S40; Secondary 47S10. 
Key words and phrases. Pseudodifferential equations, Riesz kernels, Local zcta functions, 
Non- Archimedean analysis. 

The second author was partially supported by CONACYT under Grant # 127794. 



2 



O. CASAS-SANCHEZ AND W. A. ZUNIGA-GALINDO 



a meromorphic continuation for distributions of type 

- / irm^io^, Re( S )>o. 

Q£-.{0} 

These distributions, called local zeta functions, were introduced in the 50's by I. 
Gel'fand and A. Weil, see [6], [7]. To construct E a , see Theorem^ we use a theorem 
of Rallis-Schiffmann that asserts that distributions of type |/*|* satisfy certain 
functional equations, see |16j . also |10j . [20] . [21] . |19j . In order to use this result 
we compute all the gamma factors that appear in the functional equation for p-adic 
quadratic forms of type ai^+i^fif +• ' '+ a ri£n, see Theorem[TJ In the special case in 
which n — 4 and the quadratic form is elliptic, we attach to it a Riesz kernel, which 
is a local zeta function times a suitable gamma factor. We show that these Riesz 
kernels form an Abelian group under the operation of convolution, see Theorem [5] 
As consequence, we obtain fundamental solutions for equations of type on 
Lizorkin spaces, see Theorem [3] It is relevant to mention here that in the p-adic 
setting the connection between fundamental solutions and Riesz kernels was known 
only for pseudodifferential operators whose symbols involve 'polynomials of degree 
one.' The technique presented here is applicable to any quadratic form, however, 
our method requires an explicit calculation of all the gamma factors, which is not a 
straightforward matter, appearing in the functional equation of the corresponding 
local zeta function. We also obtain the existence of a pseudodifferential operator 
/ (d, 1), acting on a space of Lizorkin distributions, and a gamma factor A(s) such 
that / (d, 1) \ f\ s p +1 = A(s) l/l*, where / is an elliptic quadratic form of dimension 
4, see Theorem [3] This is a non Archimedean pseudodifferential example of a 
celebrated result of Sato-Bernstein, see [19] . [7], |34[ Section 6.1.2]. 

We now explain the motivations behind this work. During the last twenty years 
the interest onp-adic models (or more generally non Archimedean) has been increas- 
ing mainly because these models are convenient for describing phenomena whose 
space of states display a hierarchical structure. Some of these new models involved 
p-adic pseudodifferential equations. For instance, the p-adic models for relaxation 
processes in complex systems use parabolic type pseudodifferential equations, see 
e.g. [3] and the references therein]. The Riesz kernels are naturally connected with 
several types of (pseudo) differential equations in the Archimedean setting, see e.g. 
ID, US], [HI, [II], and non Archimedean one, see e.g. pQ, [IT], [24], [25], [26] . 
|28) . In particular, in the non Archimedean setting, Riesz kernels attach to 'poly- 
nomials of degree one' has been used to solve pseudodifferential equations pQ, [11] , 
[28] . Our first motivation was to extend these results to the case of polynomials 
of higher degree to obtain p-adic analogs of the results of |18j . [4]. We obtained 
such results in dimension four for elliptic quadratic forms only. It is interesting 
to mention that the corresponding pseudodifferential operators appeared in certain 
models of polynomial interactions in a p-adic analog of Euclidean quantum field 
theory |14j . Our second motivation was to study hyperbolic type equations in a p- 
adic setting. We have to mention here that pseudodifferential equations introduced 
here admit 'plane waves' as weak solutions, see Corollary [5J and in dimension four 
the solutions are connected with Riesz kernels in the spirit of |18) . Other types of 
parabolic pseudodifferential equations were introduced in |12] -|13 j . 

Acknowledgement. The authors want to thank to Professor Fumihiro Sato 
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2. Preliminaries 

In this section we fix the notation and collect some basic results on p-adic 
analysis that we will use through the article. For a detailed exposition on p-adic 
analysis the reader may consult pQ, [26j . [28] . 

2.1. The field of p-adic numbers. Along this article p will denote a prime 
number different from 2. The field of p— adic numbers Q p is defined as the comple- 
tion of the field of rational numbers Q with respect to the p— adic norm | • \ p , which 
is defined as 

( if x = 

\ x \p = { -y - f 

where a and b are integers coprime with p. The integer 7 := ord(x), with ord(O) := 
+00, is called the p~adic order of x. We extend the p— adic norm to Q™ by taking 

:= max \xi\ p , for x = (xi, . . . , x n ) e Q™. 

l<i<n 

We define ord(x) = mmi<i< n {ord(xi)} , then ||x|| p = p~ old ( x K Any p— adic number 
i^O has a unique expansion x — p ord ( x ) X)^Lo 1 wnere x j € {0, 1, 2, . . . ,p — 1} 
and xo 7^ 0. By using this expansion, we define the fractional part of x € Q p , 
denoted {x} p , as the rational number 

Jo if x = or ord(x) > 

For 7 € Z, denote by B™(a) — {x £ Q r p l : \\x ~ a\\ p < p 1 } the ball of radius 
p 1 with center at a = (a\, . . . ,a n ) £ Q™, and take -B™(0) := S™. Note that 
BHj{a) = Bj(ai) x • • • x B~ f {a n ) 1 where Bj(ai) ;= {x £ Q p : \n — a,| p < p 7 } is the 
one-dimensional ball of radius p 1 with center at aj e Q p . The ball Bq(0) is equals 
the product of n copies of -Bo(O) := Z p , the ring of p—adic integers. 

2.2. The Bruhat-Schwartz space. A complex-valued function ip defined on 
Qp is called locally constant if for any x £ Q p there exist an integer l(x) £ Z such 
that 

(2.1) <p(x + x') = tp(x) for x' £ Bf {x) . 

A function ip : Q™ — > C is called a Bruhat-Schwartz function (or a test function) if it 
is locally constant with compact support. The C- vector space of Bruhat-Schwartz 
functions is denoted by S(Q"). For ip £ S(Q"), the largest of such number I = l((p) 
satisfying (|2.ip is called the exponent of local constancy of ip. 

Let S'(Q™) denote the set of all functionals (distributions) on S(Q£). All 
functionals on S(Q") are continuous. 

Set x(y) = ex P(27ri{y}p) for y £ Q p . The map x(") is an additive character on 
Q p , i.e. a continuos map from Q p into S (the unit circle) satisfying x(yo + yi) = 

x(yo)x(yi), 2/0,2/1 e Q P . 
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Given £ = (£1, . . . ,f n ) and x — (xi, . . . , x n ) £ Q™, we set £ • x := Y%=i £j x i- 
The Fourier transform of ip £ S(Qp) is defined as 

where cPx is the Haar measure on Q™ normalized by the condition voI(Bq) = 1. 
The Fourier transform is a linear isomorphism from S(Q") onto itself satisfying 
(J-"(.F </?))(£) = <p(— £). We will also use the notation Tx^^ip and <JS for the Fourier 
transform of </?. 

2.3. Operations on Distributions. Let fl denote the characteristic function 
of the interval [0, 1]. Then (x) := Q (p~ k is the characteristic function of 

the ball B k (0). 

2.3.1. Convolution. Given /, g £ S' (Qp), their convolution / * g is defined by 

(/ * ff» ¥>) = lim (/ (y) X9(x), A fe (x) <p(x + y)) 

if the limit exists for all ip £ S (Qp) ■ We recall that if / * g exists, then g * f exists 
and / * g — g* f , see e.g. [281 Section VII. 1]. In the case in which g = -0 £ S (Qp) , 

(f*ip,ip) = (/ (y) , ip (x - y)) , 

see e.g. [M Section VII. 1]. 

2.3.2. Fourier transform. The Fourier transform J- [/] of a distribution / £ 
S' (Q™) is defined by 

(J r [f],<fi) = (f,J r [<p\) for all ip £ S (QJf) . 

The Fourier transform / — > J 7 [/] is a linear isomorphism from S' (Qp) onto S' (Qp) ■ 
Furthermore, / = T \T [/] (—£)]. 

2.3.3. Multiplication. Set 4 (x) := p nfc fi ||x|| p ^ for k £ N. Given 
S' (Qp), their product / • g is defined by 

(/ • SS V?) = , lim {g,(f*5 k )<p) 

K — ^-(-00 

if the limit exists for all <p £ S (Qp)- We recall that the existence of the product 
/ • g is equivalent to the existence of T [/] * F [g] . In addition, T [f • g] = T [/] * T [g] 
and T\f * g] = T [/] • T [g], see e.g. [28, Section VII. 5]. The following result will 
be used later on. 

Lemma 1 ([i28] Section VII. 5].). Let f, g functions in L} oc for which the function 
Jg(x) i p(x)f(x-Od n x > 

is continuos at £ = £ Q™ ; for any <p £ S (Qp). Then the product f ■ g is in 
S' (Qp) and the distribution is induced by the pointwise product f (x) g (x). 
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2.4. The Hilbert Symbol. The Hilbert symbol {a,b) p , a, b € Q*, is defined 

by 

, , _ J 1 if ax 2 + by 2 — z 2 = has a solution (x, y, z) ^ (0, 0, 0) in Qp 1 
(a, b)p — 



-1 otherwise. 

The Hilbert symbol possesses the following properties (see e.g. Theorem 3.3.1 [9]): 

(2.2) (a, b) p = (b, a) p and (a, c 2 ) p = 1, for o,i,c€Q p x ; 

(2.3) (ab, c) p = (a, c) p (b, c) p , for o,6,c6Q x ; 



{(a, 6) p = 1 for a,b £ Z* 

(a,p) p = 1 — 1 for aeZ p x , 

where ao G Z, with a = ao modZ„, and [ — ) is the Legendre symbol. 

\P J 

Along this article [Q* ] denotes the subgroup of squares of Qp . We recall that 

Qp / [Qp] 2 is a finite group with four elements. We fix {l,e,p, ep} to be a set of 
representatives, here e is unit which is not square. 

It is clear that (a, b) p does not change when a and b are multiplied by squares, 

thus the Hilbert symbol gives rise a map from Q* / [Qp ] 2 xQ x / [Qp ] 2 into {1,-1}. 
Therefore, for a fixed ft £ Q*, irp (t) :— (f3,i) defines a multiplicative character on 

2.5. The Weil Constant. Let 

(2.5) f(x) = a\x\ + a2&! H ha„^, a 4 eQp, i = l,2,...,n, 

be a quadratic form. A such quadratic form is characterized by three invariants: 

(i) the dimension n; 

(ii) the discriminant D = a\ai ■ ■ ■ a n mod [Q* ] ; 

(iii) the Hasse invariant H = Y[i<j( a i> a j)p- 

By |29[ Theoreme 2], see also [16, Theoreme 1.1], there exist a complex constant 
7(/) of absolute value one, such that 



«x)x(i/(x))i"x 

(2 .6) =7W)| t |,-'^t" 2 / Q; ^ 

for all £ € Q^ , where D — a\a2 ■ ■ ■ a n . 

Since 7(/) = 7(aisf ) • • • 7(a„a;^), see e.g. |291 p. 173], the calculation of j(f ) 
is reduced to the case n = 1. For a a € Qp , we set 7(a) := 7(axf). 
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Lemma 2. For a unit u £ Z* , with u = uq mod pZ p , we have j(u) = 1 and 



l( u P) = [ ) °v> where 



1 if p = 1 mod 4 
V— I i/p = 3mod4. 



(2.7) a p 

Proof. Take (p(x) to be the characteristic function of Z p and u £ Z* , by (|2.6 

^ V{x)x{ux 2 )dx = 1 (u)\u\- 1/2 (f(x)x dx 

/ = 7(u). 

In the case up with u £ Z* , by applying (I2.6[) we have 

<p(x)x(upx 2 )dx = 7(up)|wp|~ 1/2 / <^(a:)x (—j— \ dx 

x(upx 2 )dx = 7(up)p 1//2 / x ( 

1 = j{up)p 1/2 / x ( 



Apu 



Apu 



dx 
dx. 



If z € Z p \ {0} we set z = z + zip + . . . + ZkP k + ■■■ with z^, = {0, 1, . . . ,p — 1}. 
Now by changing variables (x = 2uy) in the previous integral: 

X (—J— \ dx = [ x dy 



4puJ J lyL<1 \ p 



uy 2 \ f ( uy 2 



\v\p<i 

x[- :i2 -)dy+ I x(-— )dy 

\y\ P =i V P J J\y\ p <l \ P J 

= i y exp(-2ni^\ + 1 -= 1 -Y exp{-2m^\ 
Py^i I P ) P P y % I P J 



-1/2 / \ 

where in the last step we used a result of Gauss on quadratic exponential sums, see 
e.g. [28, p. 55]. Therefore 

1 / uo' 



7 (up) = 



□ 



The next lemma shows the relation between the constant 7 and the Hilbert 
symbol. 

Lemma 3. With the above notation, the following assertions hold. 

(i) 7(-a) 7 (a) = 1. 

(ii) Set h{x) = x\ — ax\ — bx\ + abx 2 with a, b £ Q* . Then 

jih) = 7 (i) 7 (-a) 7 (-6) 7 ( a 6) = (a,b) p . 
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(Hi) Ifn = 0mod2, then j(tf) = j(f)(t,D*) p for any t £ Q* , where 

D* := (-l)f D. 

Proof, (i) See [29l Section No. 25, p. 173 ]. (ii) See [29l Section No. 28, p. 
176]. (iii) See pU Proposition 1.7]. □ 

2.6. Local zeta functions. For a > and s £ C we set a s := e slna . Let 
f(x) be a quadratic form over Q p and np(t) — (/3,t) p , t £ Q* as before. The 
local function zeta attached to (/, 7rg) is the distribution given by 

(2.8) Z lp (s,np,f):=Z ip (s,7r )= [ np(f(x))\f(x)\ s - n / 2 ^(x)d n x, 

ip£S (Q«) andRe(s) > 0. If (3 = 1, the we use Z v {s, /) instead of Z^s,^, f). The 
local zeta function are defined for arbitrary polynomials and arbitrary multiplicative 
characters. These objects were introduced in the 60 's by A. Weil and since then 
they have been studied intensively, see e.g. [7J. The local zeta function Z v {s, 7r^) is 
a distribution on S (Qp) for Re(s) > 0, which admits a meromorphic continuation 
to the whole complex plane (for arbitrary / and irp) such that Z v (s, irp) is a rational 
function of p~ s , see [7J Theorem 8.2.1]. 

The singular series attached to / is the distribution defined by 

M v (t) = [ <p(x)dut(x), t £ Q* and <p £ S (Q™) , 
Jf-Ht) 

where duit is a Borel measure supported on / -1 (t), see Subsection l6.2[ alternatively 
see Section 7.6]. The measure du>t is also denoted as S (f(x) — t). The function 
M v is locally constant on Q p \ {0}, and it has compact support in Q p , see e.g. |16l 
Proposition 2.6]. The oscillatory integral attached to / is the distribution defined 

by 

E v {z) = / <p(x) X (zf(x))d n x, z£Q p and^S (Q™) . 

We now fix ip and consider Z^s^p), M v {i) and E v (z) as functions for the 
rest of this section. It is known that 

(2.9) E v = T [M v ] , 
see [7j Theorem 8.3.1] and that 

(2.10) Z v (a,ir fi )= [ np{t)\t\;-^ 2 M v (t)dt, 

J®Z 

see [7J Section 8.4]. 

Remark 1. By using 12. 6\) we have 

T [M 9 ] (t) = [ <p{x) X {tf{x))d n x 

- 4 ■ ■ ■ ■ £)) ^ 

= 7W)|t|p" /2 |D|- 1/2 4vWx(-^rw)<i"», 
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where f*(x) := / (si, . . . , Sa. ) . By taking 

(2.11) F[M;]{t):= [ ^(x)x(tf*(x))d n x, 

Jo™ 



we have 

(2.12) ^[M^](t)= 1 (tf)\t\^/ 2 \D\-^[M;] (-1) 

forte®* and ip eS(Q p "). 

2.7. Functional equations. It is well-known that the Fourier transform of 
the distribution 7rg(i)l*lp -1 is p(np, (t)\t\~ s i.e. 

(2.13) / 0(t)irp(t)\t\ s - 1 dt = p(Trp,s) [ cp(t)w^(t)\t\- s dt, 

for all tp(t) G S(Q P ), see e.g. [28] Section VIII.2]. We recall that (|2~T3)) is a 
particular case of the functional equation for the Iwasawa-Tate local zeta function 
see e.g. |27l Theoerem 2.4.1 and Lemma 2.4.3]. 

We now compute the factors p(7r^, s) appearing in (I2.13[) . 

Lemma 4. Set Q* / [Q^] 2 = {l,e,p,ep} where e is unit which is not square. 
Then 

(li) p{n e ,s) = ; 

(Hi) p(ir v ,s) = ±(jpp s_ 2 ; rj = p,ep with a p as in \2. r {\ ). 

Proof, (i) Take <p{t) to be the characteristic function of Z p in (|2.13|) . then 

(ii) Note that ir e (t) = (-l) ™^), see [281 Lemma on p. 130], by taking ip(t) to 
be the characteristic function of Z p in (|2.13[) . we have 

P{Ke,S) = — — . 

1 +p s 

(hi) Set 

Q.p >v ■= {x G Q* | x = a 2 - V b 2 , a, b £ Q p } 

and 

I 1 if x G 



-1 iixi%l. 



In |28l p. 129] is proved that p(ir 71 ,s) — ±^sgn, 1 (—l)p s 2 for 77 = p, ep. Since 
(t,T)) p — sgn v (t) we have 



□ 
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Set 

z;( s ,^):= f Mr(x))\r(x)\;- n /^(x)d n x. 

Then from (f279|) and (|2TTTj) we have 

(2.i4) z;( s ,Trp)= [ 7T P (t)\t\;- n / 2 M;(t)dt. 

Theorem 1. Ifn = 0mod2, then Z v (s) satisfies 

Z (s) = p(n 1>S - | + 1)p(tt d . , sm-^iftZ^-s + n/2, n D l) 

for any ^GS(Q«). 

Proof. By (l2~10l) . (f2~13|) and (|2~T2]) we have 

= / \t\l- n ' 2 M 9 (t)dt = p{-K U s - £ + 1) / l^ 2 - 8 - 1 J" [M P ] (t)dt 

By using Lemma [3] (iii) , 
%( S ) = p( 7 r 1)S -| + l)|D|;V2 7(/) /" 7rx».(*)|t|-— ^ [Afj] (--) dt 

= p(n 1 ,s-^ + l)\D\^ 1 (f)n D ,(-l) [ 7r D l(z)\z\;-^[M;](z)dz. 
Now by (|2T3]) . 

/ ^(^^"^[m;] («) < fa = p(7r5l,s) / 7r D .(z)|z|- fl M;(-z)dz 

= p{ir D l,s)ir D ,(-l) [ n D ,(z)\z\- s M;(z)dz 
= p(-K D *,s)-K D *{-l) j n D ,(z)\z\p S M*(z)dz 

since ttd» = 7T^*, therefore 

%( S )=p(7r l!S -^ + l)|£>|; 1 / 2 7 (/)p(7r D ., S ) / tt d . (z)|«|; s MJ(ar)tfe 
= pfa,a - | + l)|I>|p 1/2 7(/)p(tzj., + n/2, tt^I). 

□ 

Remark 2. Theorem [7] is a particular case of Theorem 2-13 in [16] . see aZso 
Section 3.2 in [20] . and i/ie technique used in its proof is known. We include 
this result here mainly because we did not find a suitable reference showing the 
computations of the gamma factors appearing in the functional equation. 
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2.8. Some explicit functional equations. 

Corollary 1. Let f(x) be as before. Assume that n = 0mod2 and that D* 
is a square. Then 

Z$(s) = p(7T U S - | + 1)^(71!, S )| J D|; 1 /2 7(/)Z *(_ s + n/2 ) 

for any if eS(Qj). 

Proposition 1. If f(x) — x\ — 77x2, r\ = e,p,pe, then 

( 1 _ p2(a-l) 

_ p - 2s J l 7 ?^ _ x%\ p "(p(x)dx 1 dx2 ifr) = e 

Q?xt0> 

= < 

1 _^_ s y \v x l - x l\p s <p(x)dx 1 dx 2 ifr)=p,pe. 

PROOF. Since D* = -D = 77 and Tr^ D (f*(x)) = {t),x\ - nx?,)p = 1. By 
Theorem [1] we have 

Ze(8) = p{n 1 , S )p{n_ Dl s)\D\- 1 ' 2 1 {f)Z* v {l - s, tti) 

= i o(7r 1 ,s)p(7r_ I) , S )| J D|- 1 / 2 7(/)|?7|; / l^-^I^W^' 

Q?--{o} 

The announced functional equations follow from the following calculations, (i) 
Take r\ = e, then |e|p^ 2 = |e|| = 1, j(f) = 7(1)7(— e) = 1, see Lemma [21 and 

7T-d (e) = (e, e) p = 1, see {23]). Furthermore p(7Ti,s)= 1 1 ~^_. , p(7r e ,s) = \+ p p _ s , see 
Lemma 2] 

(ii) Take rj — p, pe, in this case we have \rj\ p — p 1 ^ 2 , j(f) = j(—T]) = ^ za p 
(see Lemmad]) and p(tt v ,s) — ±o- p p s ~i (see Lemma|2]). Then 

P (7r 1 ,s)p(w. D ,s)\D\- 1 / 2 j(f)\r ] \; = i-^(± ffp )p-V /2 (±a P )p- s 

1 -p 3 - 1 



1 - p- s 

□ 

Proposition 2. Tafce /(x) = x 2 — ax| — px§ + apx\, with a € Z a quadratic 
non-residue module p. Then 

J \f{x)\ s ~ 2 (p{x)d A x= ^_ P p _ s ^ J \apxl-pxl~axl + xl\ p s ip{x)d A x. 
«K\{o} Qi\{o} 
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Proof. In this case n = 4, D = p 2 a 2 , D* = D and j(f) = (a,p) p = — 1 (see 
Lemma [3] (ii) and (|2.4[) , then the functional equation takes the form 

\f(x)\;-^(x)d*x 

Q*\{o> 

= ~MpP -, _ ^i_ s -1 ~ — s I \apx\-px\- axl + xl\- s (p{x)d A x 
l-p s 



1 — p 1 s 1 — p 

Qi\{o} 



(l-ps) 

Q*\{o} 



\apx\ — px\ — ax\ + xl\ p s ip(x)d i x. 



□ 



3. Riesz Kernels and Lizorkin Spaces of Second Kind 

In this section we introduce a new type of Riesz kernels depending on a complex 
parameter and a certain quadratic form. The main result of this section establishes 
that these kernels considered as distributions on a Lizorkin spaces of second kind 
form an Abelian group under convolution. 

3.1. Riesz Kernels. In this section f(x) :— x\ — ax\ — px\ + apx\ with a e Z 
a quadratic non-residue module p. Note that a G Z* and that f(x) is an elliptic 
quadratic form, i.e. f(x) = ^ x = 0. We call the function 

: = rr^il/^lp" 2 * Ma) > 0, a * 2 + 

the Riesz kernel attached to f(x). 

Lemma 5. Set ip to be the characteristic function of the ball xq + (p m Z p ) . 
Then 



Z v (a, /) 



holomorphic function ., ~ , , m „ ,4 
in a, for a£L F 



PROOF. We consider first the case xo G (p m Z p ) 4 . Set 

Z{a):= J \f{x)\^ 2 d i x for Re(a) > 2. 

zjx/-i(0) 

By a change of variables Z v (a,f) — p~ 2am Z(a). The result follows from the 
following formula: 

(3.1) Z(a) = |— ^ for Re(a) > 2. 
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Set = (pZ p ) 4 \jU with U = I a; e Z* : ||x|| p = l|. Then 
Z(a) = | \f{x)\ a p -^x + j \f(x)\;- 2 d*x 

= p- 2a Z(a) + J \f(x)\ a p - 2 d% 
u 

i.e. 

u 

In order to show (|3.1j) . it is sufficient to prove the following formula: 
(3.2) J \f(x)\;- 2 d 4 x = (l-p- 2 )(l+p- a ) for Re(a)>2. 

This formula can be established as follows. For i = (ii, 12, 13, 24) € {0, l} 4 \ 
{(1, 1, 1, 1)} we define 



Then U = U J t /(i) and 

J \f{x)\ a p - 2 d i x = Y J J |/(*)£- a <rtr:=£>(a). 

U 1 £/(>) * 

By a direct calculation one finds: 



Index i 


Zi{a) 


(1,1,1,0) 


p-c- 1 (1-p- 1 ) 


(1,1,0,1) 


p- a ~'{l-p-') 


(1,1,0,0) 


p-"(l-p-ly 


(1,0,1,1), (0,1,1,1) 


{l-p-'jp-* 


(1,0,1,0), (1,0,0,1), (0,1,1,0) 
(0,1,0,1), (0,0,1,1) 


(l-p-^p- 2 


(1,0,0,0), (0,1,0,0), (0,0,1,0) 
(0,0,0,1) 


(l-p- 1 ) 3 *- 1 


(0,0,0,0) 


(l-p- 1 ) 4 



In the case xo £ (p m Z p ) 4 , / does not vanish on the ball Xq + (p m Z p ) 4 which 
implies that Z v (a) is a holomorphic function on the whole complex plane. □ 



p lj, Lp if ij = 1 



U P := 



Z* if i i = 0. 
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Lemma 6. K a [x) possesses, as a distribution on S(Qp), a meromorphic con- 
tinuation to all a =^ 2 + 27r 1 ^ rT Z given by 

1-p- 2 



(K a ,<p) = <p(0) 



l-p° 



1 -p- a 
1 -p a ~ 2 



x L>1 



V(x)\f(x)\%- 2 d 4 x- 



( V (x)-<p(0))\f(x)\%- 2 d 4 x 



Proof. The result follows from Lemma [5] by 

1 -p~ a 



l-p a 



1-p 



a-2 



<p{x)\f{x) \%- 2 d*x 



Qi\{o} 



x\\ p >l 



<p(x)\f(x)\«- 2 d A x- 



x|L<l 



V(0) 



1 -p a 



□ 



From Lemma |5] follows that the distribution K a has simple poles at the points 

In p 



a = 2 + a k :=2+^, k e Z, and 



(3.3) 



a— >ctfc 

where 5 denotes the Dirac distribution. 



lim JsT Q := if afc = S, 



Lemma 7. 



1 , p- 2a (l-p- 2 )(l+p a ) 
dx = — 



/|MI,>i|/(*)|p +a ~ l -P~ 2a 
PROOF. Set U = (Z p ) 4 \ (pZ p ) 4 as before. Then 

/ — l -^d 4 x = y [ ' 



Re{a) > 0. 



M|x|| p >l \f{x) 

OO 



r/ 4 , 



P \f(x)\ a+2 

-2a 



1/0*01 



1 r d 4 X= P 



Q + 2 



la+2 



d*3 



p- 2a {l -p- 2 ) (I+P") 



1-p 



-2a 



where we used that (|3.2[) is valid for a negative. 



□ 



Proposition 3. For Re{a) > and <p e S (Q 4 ), the following formulas hold. 



(*) (K a ^) 



l-p-<* 



(ii) (K^ a ,ip) = 



l-pa-2 
1 -p a 



® 4 P \{0} 



\f(x)\?- 2 v(x)d*x, a^2 + a k ; 



(Hi) (K a * ip)(x) = 



l_ p -a-2 

l-p- 



V (x)-ip(0) ,4 
l/(*)l? + a d X ' 



l-p° 



Q*\{o} 



\f(yX- 2 <p(x + y)d 4 y, a^2 + a k ; 
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Proof, (i) Since every test function can be written a finite sums of character- 
istic functions of balls, Lemma [5] implies that 



1 -p~ a 

l-p a ~ 2 

Q^/-i(o) 



\f(x)\z-W*)<rz 



is well-defined for Re (a) > and a^2 + at. The announced formula follows by a 
calculation similar to the one done in the proof of Lemma [6l 
(ii) We first note that the integral 

i-p a f 
i-p- a ~ 2 M \f(x)\? +2 

converges on Re(a) > 0. Indeed, since / (x) is an elliptic quadratic form we have 
(3.4) B \\x\\ 2 p < |/ (x) \ P < A \\x\\ 2 p for any x € Q£, 

where A, £> are positive constants, cf. [321 Lemma 1], then 

!*>(*) - p(o)| ^ < 2jk^ /■ i < + ^ 



^„ lffT"\l Q + 2 — R2Re(ct)+2 /.. 11 |i2Rc(a)+4 

Qp 1/WlP -° ■ y Nllp>P m ll^llp 



Now 



l-p- a - 2 J% \f{x)\v +2 



(j| W | P <i i/wir iiNi,>ii/(^r Q j i-p 

' d 4 x 



2+a 



\\x\\ P >i 1/ (a;) \ P 

l-V a \f V {x)-^) d , x+ j <p{x) ^ 



i- P - a - 2 [J\\ x \ lp <i \f{x)\ z P +a ' ' ' J\\ x \\ P >i\f{x)\i +a j 

- 2 Y~p-^ 

= (K- a ,<p) , 

where we used Lemmas [7] and [5] 

(iii)-(iv) We recall that if ip £ S (<Qg), then (isT a * 99) (z) = (K a (y),ip(x - y)), 
and since K a (—y) — K a (y), we have {K a * <p)(x) — (K a (y), <p(x + y)). Therefore 
(iii) follows from (i) and (iv) follows from (ii). □ 

3.2. Lizorkin spaces of second kind. Consider the spaces 
* := *(Q») = {yj e S(Q;) | ^(0) = 0} 

and 

#:=*TO = {^|0 = ^], ^e*(Q£)}. 
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The space 3? is called the p-adic Lizorkin space of test functions of second kind. 
We equip * and <i? with the topology inherited from S(Qg). Note that T : \I> — > $ 
is an isomorphism of linear spaces and T [T [\&]) = '5'. 

Let <fr' = 3>'(Q™) denote the topological dual of the space #(Q£). This is space 
of the p-adic Lizorkin space of distributions of the second kind. 

We define the Fourier transform of distributions J € *'(Qp) and G e *'(Qp) 

by 

(J- [J] ,il>) = (J,^M> , for any if, G *(Q£), 
(J" [G] , 0) = (G, J 7 [</>]) , for any € *(Q£). 

It is clear that a J"[*'(Q™)] = #'(Q") and = *'(Q"). For further 

details about p-adic Lizorkin spaces the reader may consult pQ. 

3.3. The Riesz kernels form an Abelian group. The goal of this section 
is to prove the following result: 

Theorem 2. For a, (3 e C, K a * K p = K a+f} in *'(Qp). 

Before giving the proof we need to establish several auxiliary results. 

Definition 1. Set f°{x) := apx\ —px\ — ax\ + x\. The Riesz kernel attached 
to f°{x) is the distribution 

Kl a (x) := \f°(x)\; a in *'(Q*), for aeC. 

Proposition 4. Considering K a e *'(Qp) and K°_ a e we have 

T [K a ] = K°_ a for a ^ 2 + ctk and a ^ ak,k G Z. 

Proof. This results is a reformulation of Proposition [2] □ 

Lemma 8. 

(3.5) lim (K a , v ) = _Iz£_ (In \f(x)\ p , V {x)) for 

a-s.2+Q fc Inp * 

Remark 3. We understand the right-hand side in US. 5\) as the distribution 
induced by the locally integrable function In |/(x)| p : Q p \ {0} — ► R. 

Proof. Since 



1-P 



lim = _ lim _- ^-j / \f{x)\$-\{x)d?x 



ax 2 , - px§ + apxfjp 1 2 - 1 
l-p* 3 " 2 



ip(x)d i x 



by taking /3 = a — afe and by using the fact that J ip(x)d 4: x — 0. Now by passing 
to the limit under the integral sign we have 

lim (K a ,v)=-(1-P- 2 ) I ln{ { ix){p <p(x)d A x. 

a^2+a k J Inp 



1(5 
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The passage to the limit under the integral sign is justified by the Lebesgue Domi- 
nated Convergence Theorem and the inequality 

(/3-2)ln|/(x)| p _ 1 \u\f(x)\ 

L^inp ^ C far * eBU pppc^\{0} and 1/3-21 <1, 

where C — C(p, supp ip) is a positive constant 
Definition 2. We define 

1-p- 2 



□ 



K 2+ak (x) = -- 



hip 



In |/(a;) | P 



Lemma 9. 

(J- [^ 2+ctfc ] , <p) = (K°_ 2 ,<p) , forpe *(Q4). 
Proof. By using the fact that -£^2+a fc = K 2 and by Proposition 0] we get 
(J" [i4T2+ Qfc ],¥>) = lim (#„ , T [ip]) = lim {K a ,F [<p] ) = lim (K ° a , ip) . 

Since ^ (0) = 0, there exists a constant m £ Z such that 

lim lim / \r(x)\; a (p(x)<f 



X. 



IML>P" 



We now use the fact that f° (x) is an elliptic quadratic form to get 
(3.6) B \\x\\ 2 p < \f° (x) \ p < A \\x\\ 2 p for any x G Q™, 



where A, B are positive constants, cf. |32l Lemma 1]. Without loss of generality 
we may assume that B < 1 and that m > 0. Then 



I 



£?Re(a) ||x|| 2Rc ^ Q ^ ~ 5Rc(o)+ep2ra(Re(a)+e) 



which is an integrable function on (Q* \ B m (0)) Hsupp^ and a e (2 — e, 2 + e), 
where e is a small fixed positive constant. Therefore by applying the Lebesgue 
Dominated Convergence Theorem we get 



lim / \f°(x)\;'p(x)d 4 x. 

a— >2 i 



PROPOSITION 5. Considering K a G *'(Q£) and € *'(Qp), 

T [K a ] = K°_ a for aeC. 

Proof. The result follows from Proposition @] and Lemma |H1 

Lemma 10. With the above notation the following assertions hold, 
(i) For any a, (5 G C, K°_ a ■ K°_ p = K°_ {a+fj) m G *'(Qg). 



K° ■ K° 



= T [Kl a ] * T 



= T 



□ 



□ 



K° 



a+0) 



(ii) For any a, j3 G C, T 

<ne*'(^). 

(Hi) For any a, /3, a + j3 G C\ : k G Z} U {2 + a fc : fc G Z}), K a * K fj = 
K a+P in G *'(Q£). 
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PROOF, (i) It follows from Lemma [TJ Indeed, the functions K°_ a and K°_. 
belong to L\ oc , and 



lim / K°_ a {x)ip{x)K°_^x - £)d 4 x = J K°_ a (x)p(x)KZ (x)d 4 x. 

Q 4 Q 4 

This last statement follows from the Lebesgue Dominated Convergence Theorem 
and (|3.6p by the inequality 

\K°_ a (x)\p(x)\K°_ (x - 0| < C {tp, a, (3) \\x\\- 2a -^ 

for x esupp tp and ||£|| p < p m (v\ where C (tp, a, j3) is a positive constant and m (tp) 
is the largest integer satisfying tp |b , } (o) = 0. 

(ii) It follows immediately from (i). Finally, (hi) follows from (ii) by Proposition 

El □ 

Lemma 11. With the above notation the following assertions hold. 

(i) K 2+ak * K 2+ai = K 4+ak+ai in *'(Q 4 )- 

(ii) Assume that a + f3 <E {2 + a k : k £ Z}, then K a * Kp = K a+ p in *&'(Qp). 
(Hi) For a, (3, a + (3 e C\ {2 + a k : k e Z}, K a *K fj = K {a+I3) in 

PROOF, (i) It is sufficient to show that K 2 * K% = K±. By Lemma [TU] (i), 
K°_ 2 ■ K°_ 2 = K°_^. Now by applying Lemma[UJand Proposition [5] we get 

T [K°_ 2 ■ K°_ 2 ] =K 2 *K 2 =T [K°_ 4 ] = K 4 . 

(ii) The non trivial case occurs when Re (a) ^ 2 and Re ((3) ^ 2. By Lemma HOI 
(i), K°_ a ■ K-a = K°_ 2 . Now by applying Proposition [5] (with a ^ a k and (3 ^ ak) 
and Lemma Owe get 

T [K°_ a ■ K°_ ] =K a *K p =F [K°_ 2 ] = K 2 . 

(hi) If a = a k or j3 = a k , the formula holds since K ah = 6. Thus we may 
assume that a ^ au or fj ^ a k . Now the result follows from Lemma [TU] (hi) . □ 

Lemma 12. For a e C\ {2 + a k : k £ Z}, K 2 * K a = K 2+a = K a * K 2 in 

Proof. If a = a k , then K a = 5 and the announced formula holds since 
K 2 = K 2+ak . Thus we may assume that a =^ a k . We consider two cases: (1) 
Re(a) < and (2) Re(a) > 0. 

Case 1. By definition 

(K 2 * K a ,tp) = lim (K 2 (x) x K a (y), A k (x)tp(x + y)) 

k— >QO 



lim / K 2 (x)A k (x) (K a (y),p(x + y))d 4 x 

k—toc 



for tp e 



■pi' 

On the other hand, 



(3.7) 

(K a (y),tp(x + y)) = (K a (-y),tp(x - y)) = (K a {y),<p(x - y)) = (K a * tp) (y) 
l-p- a f tp(x + y) - tp(x) 4 



l-P Q - 2 4 4 \f(y)\p a+2 
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cf. Proposition [3] (iv) . By assuming that supp</? C -Bjv(O) and that > p N , it 

follows from (13771) and (H3~4l) that 



Therefore 



\{K a (y)M* + v))\<- ' 



a .||-2Re(a)+4- 



C(a,p) In |/ (or) | 

|X 2 ( 2 ;)A fc ( a ;)(^ ct (y)^(.T + y))| < „- 2Re(a)+ 4 for NI P > P and k> N, 



and 

(3.8) |jr 2 (:c)A fc (z)</r a (y),p(s + y)>| < - Cu, ' r ' ] 



a ,||-2Ro(a)+4- f 



for ||x|| > p , k > N and Re(a) < where e is an small fixed positive number. 
By using (|3.8[) and the Lebesgue Dominated Convergence Theorem we get 

(K 2 *K a ,<p)= [ K 2 (x)(K a (y),<p(x + y))d i x. 

Thus the convolutions K2*K a , K a *K2 exist and they are equal for a satisfying 
Re(a) < = ^-. Since e is positive and arbitrary small, by using analytic continuation, 
K% * K a = K a * K2 for Re (a) < 0. This imply that .Ff-Ka] ' -F[if a ] exists and that 
T[K2*K a ] = J-[K2] -J-[K a ] for Re (a) < 0. Finally, by using Lemma|9l Proposition 
[5] and Lemma \W\ (i) , we have 

T[K 2 * K a ] = K°_ 2 ■ K°_ a = K°_ [a+2) = T [K a+2 ] for Re (a) < 0, 



(3.9) K 2 * K a = K a+2 for Re (a) < 0. 

Case 2. By Lemma K a+ 2 is a holomorphic distribution on Re(a) > —2, 
then by analytic continuation, (|3.9I) holds for every a e C\ {2 + at : i £ Z}. □ 

3.3.1. Proof of Theorem^ The theorem follows from Lemmas ITTHT21 by the 
following reasoning. After Lemma 1101 (iii), it remains to establish the formula in 
the following cases. 

Case 1. Exactly one of the indices a, j3, a+/3 takes the value (or equivalently 
afc). Assume that a — 0, since Ko = S, we have Ko * Kp = Kp for any j3 G C. 
The subcase j3 = is treated in the same form. Finally, if a + /3 = 0, the formula 
K a * Kp = K holds if a, (3 <£ {2 + a k }, cf. Lemma HU1 (iii). If a £ {2 + a k } 
and /3 € {2 + ak} (i-e. /3 = 2), the formula holds due to Lemma IT1Z1 The subcase 
j3 ^ {2 + a.k} and a E {2 + ak} (i-c a = 2) is treated in the same form. The 
subcase a, (3 6 {2 + o^.} (i.e. a — (3 — 2) is not possible due to Lemma [TT1 (i) . 

Case 2. Exactly one of the indices a, j3, a + /3 takes the value 2 (or equivalently 
2 + ak). In this case the formula follows from Lemma [T2l and Lemma [11] (ii). 

Case 3. Exactly two of the indices a, (3, a + /3 take the value (or equivalently 
ak)- The verification of this case is straightforward. 

Case 4. Exactly two of the indices a, (3, a + /3 take the value 2 (or equivalently 
2 + ak). Assume that a = j3 = 2, in this subcase the formula follows from Lemma 
[HI (i). Assume now that a = 2, a + (3 — 2, in this case the formula follows from 
Lemma [TT] (ii) . The other subcases are treated in a similar form. 
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Case 5. All of the indices a, (3, a + /3 take the value (or equivalently 
The verification of this case is straightforward. 

Case 6. All of the indices a, (3, a + f3 take the value 2 (or equivalently 2 + a/j). 
This case is impossible due to Lemma [TT] (i) . 

Remark 4. Theorem [H is also valid for the elliptic quadratic forms of di- 
mension 2, see Proposition [3 The existence of Riesz kernels attached to elliptic 
quadratic forms of dimension 3 forming a group under convolution is an open 
problem. 



4. Pseudodifferential Operators and Fundamental Solutions I 

We take /(0 = £ - - p% + apQ, /*(£) = °rt-* a £<+$ , wit h a G Z 
a quadratic non-residue module p, as in Section [3J Given a > 0, we define the 
pseudodifferential operator with symbol \pf* (£,)\p by 



(f (d, a) <p) (x) := ^ x (\pf* (Olp ^*-*¥> 



This operator is well-defined since \pf* F x ^p G L 1 (Q*) n i 2 (Q*). By ap- 
plying Propositions [2] and [3] (iv) , we get 



(4.1) f(d,a) V > = K_ a *<p = -±-^ ^J>i d 4 y, 



i-p a f <p{x -y)- <p( x) j4 
l -p- a - 2 M \f(y)\? +2 

for^e S(Q*). 

Set £f. a (Qp) to be the class consisting of locally constant functions ip (x) sat- 
isfying 



a+2 



d 4 a; < +00 for some m G Z. 



IML>p m 



Lemma 13. If ip & £/, Q (Qp) ; ifte integral on the right- hand side of 
converges. 

Proof. Since is locally constant there exists I = l(x) G Z such that y>(x — 
y) — ip(x) = for \\y\\ p < p , thus, it is sufficient to show the convergence of the 
following integrals: 

i/(y)ip +2 i i/« +2 y i/(^-^)ip +2 

IML>p ! llall D >p ! ll a; - z IL>p 



The convergence of the first integral follows from (J3T4J) . To establish the convergence 
of the second integral, it is sufficient to show the convergence of the integral 



(4.2, / 



2a+4 



z\ 

x-z\\ >p l 



d 4 z 



cf. (|3.4[) . The convergence of this last integral is established by considering the 
cases: (i) ||z|| p < ||z|| p , (ii) \\x\\ p > \\z\\ p , (iii) \\x\\ p = \\z\\ p . The verification of 
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cases (i)-(ii) is left to the reader. In the case (iii), we change variables as x = p x, 



with 



/ 



f- z IL>p 



Mlp = \\4 P = 1 in then 



i2q+4 



d z = p 



2Mn 



\\x~z\\ p >p- 

\m\=i 



<f(P M Z)\ ,4 
- ~|,2a+4 d 

■-4 P 



< 2Ma-(2a+4,)(l+M) 



tp(p z) \ drz < +oo. 



□ 

The space of test functions S (Qp) is not invariant under the action of / (d, a). 
But if we replace S (Q£) by * (Q p ) then / (d, a) * (Q£) = * (Q£) . The verification 
of this fact involves the same ideas used in the verification of the corresponding 
assertion for the Taibleson operator, see e.g. pQ Lemma 9.2.5]. On the other hand, 
the operator 



J -> f(d,a)J:=T- 1 [\pf*\;^[J} 
is a homeomorphism. This is a consequence of the fact that the map 



is a homeomorphism. 



Lemma 14. The following formulas hold: 

(i) (f (8, a) J, <p) = (J, / (9, a) <p) for any J £ *'(Q p ) and <^ € *(Q*) ; 

(ii) f (d, a)J = K_ a *J for any J £ #'(Q*). 

Proof, (i) The formula follows from the following calculation: 



(/(a,a)j,^) = (j- 1 \ P f*\;^[J} 



J, J 7 



¥>) = {J, J 7 

J.F- 1 



\pf* {t)\pFM (0 

= (J,f(d,a)<p) 



(ii) The formula follows from the fact that J" [J] € *'(Q P ) by using 

Proposition [5l □ 

Definition 3. Consider the equation 
(4.3) f(d,a)u = <p, ^e*(Q P ). 

v4 classical solution of (0731) is a function u belonging to the domain of f (<9, a) 



which satisfies the equation. A fundamental solution of is a distribution E a £ 

*' (Q p ) such that u (x) = (E a * <p) (x) is a classical solution of l[4-3\ ) for any ip £ 

*(Qp)- 
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Lemma 15. The following two assertions are equivalent: 

(i) E a <= 4>' (Qp) is a fundamental solution of 

(ii) f(d,a)E a = 5in *' (®t). 



PROOF, (i) & / (d, a) (E a *tp)=<p for any <p e *(Q*) & p~ a \f*\™T [E a ] 



1 in *' (Q*) e> f (d, a)E a = S in (Q£) . □ 
Theorem 3. (i) The function 



E a (x) 



1 ' ra \f(x)\r 2 H 



1 - p a ~ 2 
1-p- 2 



hip 



ln\f(x)\ p if a = 2 



is a fundamental solution of J^. 3\ ). 

(ii) Consider \f\ s p € *' (ojj; s £ C. Th 



en 



Here we are identifying |/|* im£/i its meromorphic continuation. 

(Hi) If u € £/. Q (Qp) fl 71 ^ / (5, a) u = 0, i/ien u is a constant function. 

Proof, (i) By Lemma [T51 we have to show the existence of a distribution E a 
in (Qp) satisfying f (d,a)E a = S, which is equivalent (by Lemma [14] (ii)) to 



solve K-a * E a = 5. By Theorem [2] this equation has unique solution E a = K a 
ally u = E a * if. 
(ii) Note that 



Finally u = E a * V = T~ x (^l) € S(Q p ) for <p e $(Q p ). 



Then by Lemma [14] (ii) and Theorem [2] 

(l-ps+l) (1-p-*-*) 



(1 - p- s ~ 3 ) (1 - p s ) 

in (Q:£) for s (£ {-1 + a k } U {-2 + a fe } U {-3 + a k } U {a fc }. The announced 
formula follows by analytic continuation, since the distributions / (d, 1) and 

fi— s+1 Vi— ~ s ~ 2> ) 

(i-p~ g :1 )(i-p 3 ) l*^lp agree on an open and connected subset of the complex plane, 
(hi) Since u € £/ )Ce Qp, by Lemma Q2] / (d, a)u — K- a * u = 0. Then 
|/* T [u] — and since /* (£) is an elliptic form we have J 7 [w] = c<5, i.e. 
it is a constant function. □ 

5. Pseudodifferential Operators and Fundamental Solutions II 

In this section we take /(£) = ai£f + a 2 £f + • • • + fln^, «. 6 Q p x , i = 
1,2,..., n, /*(£) = /(q j • • • 7 ~%), and assume that n = 0mod2 and that D* is a 
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square. By Corollary Q] we have 

(1 -p- S ) (l-p-s+i- 1 ) 



(5.1 



T 



i/ir 9 



|/*|; s inS'(Q™), 



for s ^ {a k } U {1 + a fe } U {§ - 1 + a fc } U {§ + a fc }. We define, for a > 0, the 
pseudodifferential operator with symbol \f* by 



ni/ 



(5.2) 



(/ (9, a) (x) := ^ (|/* (Olp J 7 *-***) 



This operator is well-defined since |/* Fx-^-gP € L 1 
In this section we consider the equation 



)• 



(5.3) f(d,a)u = <f>, 0€S(Q«). 

We denote by £(Q") the space of locally constant functions. 
Lemma 16. The operator 

S'(Q«) 



\f%F[T] 



is well-defined. 



PROOF. We identify T with a distribution on 5(Q"). Since J 7 [T] is a distri- 
bution with compact support, sec e.g. [28, p. 109], [26, Proposition 3.17], the 
product of the distributions \ f*\p and .FIT], where 



\fX- s ( 



C 



4>{x)\f*{x)\ a p dPx, a>0, 



is an element of S'(Q"), see [281 p. 114-115], and then its Fourier transform is 
also in S'(Q"), since the Fourier transform is an homeomorphism of S'(Qp) onto 

s'(q;). " □ 

From now on we will identify £(Q") with a subspace of S'(Q"). The previous 
lemma allows us to extend the operator / (9, a) to £ (Qp). 

Definition 4. FFe say ifcai a distribution T e £ (Qp) *s a weafc solution of 

a if 

f(d,a)T = v in S'(Q%). 
On the other hand, if T belongs to the domain of a domain f(d,a), i.e. T = 



where 6 G S(Q£), we soj/ i/iai T e £( 



classical solution of i6.1\) . 



Note that this definition implies that a classical solution is always a weak 
solution. 
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Definition 5. A fundamental solution for h5.3}) is distribution E a G S'( 
such that E a * <fi is a weak solution for every <p G S(Q"). 

Theorem 4. (i)Ifa^ {!,§}> then the function 



£a(x) = TT " —^r\f(x)L 

\D\ p ?y(fXl-p°'- l )(l- P a -v) P 



is a fundamental solution if for L5.3\) . 
(ii) If a = 1, then the function 



—2p l n (pl n 1 — p — p n 2 +p2 n )(p— 1) 

Ei (x) = 7 " 1/ (z)|/ +1 ^ 1/ 

|£>|~ 3 7(/) (2p + 2p 3 - n - Ap 2 -2 n J hxp 



\f(x)\; 



in ^ 5p n-2 _ 3jJ n-l + 5p _ 3p 2 _ 7p i..-l + 2j ,£n + 



|£>|^7(/)(2p + 2p3-»- V 



is a fundamental solution if for {5 
if If a — \, then the function 



|£>|„"7(/) (2P + 2P"- 1 -4p4») 

2p^r (pi"-- 1 - p n - 1 - 1 + pi") ( p - 1) 



ln|/0r)| p . 



\D\p 7 (/) (2p + 2jj"-i - 4ps") hip 
is a fundamental solution for i5.3\) . 

PROOF. The proof is based on the ideas introduced in [31] . The existence of 
a fundamental solution E a is equivalent to the existence of a distribution J-E a G 
S'(Q£) satisfying 

(5.4) |/*|£FE a = 1 in eS'(QJ). 

The existence of a meromorphic continuation for the distribution Z v (s, /*) implies 
the existence of a Laurent expansion of type = c m(s + a) m at —a with 

c m G S'(Q™) for all m, see e.g. [TJ pp. 65-66]. Since the real parts of the poles 
of the meromorphic continuation of \f*\p are negative rational numbers, |/*|p +Q = 
l/*lpl/*lp i s holomorphic at s = —a. Therefore, \f*\pC m = for all to < and 

oo 

(5.5) \r\; +a = iri> + E \nt^+^ m - 

m— 1 

By using the Lebesgue dominated convergence theorem, one verifies that 

\s+a 

s— > — a 



Urn (|n; +a » = / <f>(x)dx = (l 



and then we can take TE a = cq. Furthermore, if —a is not a pole of |/*|p, 
(5.6) TE a = lim |/*|;. 
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where L v {p ") is a polyno- 



mial in p~ s with rational coefficients, see e.g. [§], [30] , Then we compute E a by 
using (f5~6|) and (f5TT|) . 
Case a = 1, ^. 

We compute the constant terms in the Laurent expansions of |/*|* around 



6. Weak Solutions of Pseudodifferential Equations 

In this section we construct weak solutions of the pseudodifferential equation 



where f(d,a) is the operator defined in (15.2ft . In order to achieve this goal we 
need some results about p-adic analytic manifolds and integration of differential 
forms on them. Since this material is of algebraic geometric nature, we summarize 
some basic ideas and results required in this article. For a detailed presentation the 
reader may consult [7], [23] . 

6.1. p-adic analytic manifolds. We denote by 



the ring of convergent power series around a G Q™. Let U C be an open set 
and let / : U — > Q p be a function. We say that f is a p-adic analytic function 
on U if for every point a G U there exists an element f a G Q p ((y — a)) such 
that f(y) — f a (y) for y belonging to a small open set that contains a. Then / is 
differentiable and its partial derivatives are p-adic analytic functions on U , see e.g. 
[3 Section 2.1]. Now if / : U —> Q™ 1 is a mapping with / = . . . , f m ), we say / 
is a p-adic analytic mapping on U if each fa is a p-adic analytic function on U . 

Let X be a topological Hausdorff space. A pair (U, 4>u), where U is a nonempty 
open subset of X and 4>u 1S a homeomorphism from U to 4>u (U) C Q™, with n 
fixed, is called a chart. Furthermore, we take <f>y (ar) = (xi, . . . , x n ) for a variable 
point x of U. An atlas for A" is a family of compatible charts {{U, 4>u)} covering 
X. There is a natural equivalence relation on atlases, like in the real case. By 
picking an atlas, in an equivalence class, for A, we equip X with an structure of 
n- dimensional p-adic analytic manifold. 



The simplest example of an n-dimensional p-adic manifold is Q™. We now take 
/* (y) G Q p [yi, • . . , y n ] such that 




(6.1) 



/(8,a)tt = p,peS((K) 



Q p ((y-a)) :=Q p ((yi 



a 1: ...,y n -a n )) 



(6.2) 




and set 



M := {yeQp-. f* (y) 



0} and M' 



M \ {0} . 
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Then M° is an open submanifold of Q™ of codimension 1. We construct an atlas 
for M° as follows. Pick b £ M° . We may assume, after renaming the coordinates 
if necessary, that 7^ 0. Then by applying the implicit function theorem, see 

e.g. [7J Section 2.1], there exist an open set U — U' x U" containing b and analytic 
function h {y-z, . . . , y n ) : U" —> U' such that 

M nU={(y u ..., y n ) E%:y x = h (y 2 , y n ) with {y 2 , y n ) € U") . 

We set (M° n U, * M »n(/) with 



(yi,---,j/n) %°rnf (y2,---,y n )- 



Then {(M° n U, *M°ni/)} is an atlas for M°. 

6.2. Gel'fand-Leray forms and integration on p-adic submanifolds. 

Let X be an n-dimcnsional p-adic manifold with an atlas {(U, <fiu)}, and let a be 
a differential form of degree n over X. We put 4>u (y) — (j/i,... ,y n ) for every y 
in U. We denote by /«„(•) the Haar measure of Q™. Then a |y takes the form 
a (y) — hjj (y) dyi A ... A dy n , where fa is a p-adic analytic function on U. If A is 
an open compact subset of X contained in U, the we define its measure a (A) as 

a(A) = J\hu (y)\ p Hn (<h (y)) 

A 

= Ep~ e vn{tu (K?(p e z$)nA)}. 

It is known that a (A) is independent of the chart used in calculation and that 
it extends to a well-defined measure on the on X. We will denote this measure as 
f A da. For further details the reader may consult Section 7.4]. 

The condition (|6.2[) implies the existence of a differential form u> satisfying 

dyi A ... A dy n = df A u) 

around any point of M° . A such form is typically called a Gelf'fand-Leray form, 
see e.g. [1J Chap. Ill, Sect. 1-9], [71 Section 7.4 and 7.6], [33]. We denote the 
corresponding measure as u> (A) = J A dui for A an open compact subset of M°. 

The notation (yx, . . . , yi(j) , ■ ■ ■ , y n ) means omit the / (j)th coordinate. We now 
describe this measure in a suitable chart. We may assume that M° is a countable 
disjoint union of submanifolds of the form 

(6 3 ) M . [ (l/i. • ■ • . Vn) e Q; 1 : y m = hj (y u y l(J) , ...,y n ) 
J ' \ with (yx, ■ ■ • ,yi(j), • ■ ■ ,y n ) £ Vj, 

hj (yx, ■ ■ ■ , ViU), ■ ■ ■ , Vn) is an analytic function on some open compact subset Vj of 
Q™ -1 , and Qyf ( z ) f° r an Y z G Mj. If A is a compact open subset contained 
in Mj , then 



(6.4) io {A) = 



dyi ■ .-dyi(j) ---dy 



df 



(y) 



We recall to the reader that we are identifying the set A C M with the set of all 
the coordinates of the points of A which is a subset of Q^ -1 . 
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6.3. Weak solutions. Any function 9 in 5 , (Q") has a natural restriction to 
M, which will be denoted by the same letter. For 9 6 \P(Q"), we define 



u H (x; 6)= J x(C ■ x)9 (0 dco (0 = / x (f ■ s)0 (0 dw (0 . 

Af° M 

Lemma 17. u H {x;d) e£(Q£). 

Proof. We show the convergence of the integral involved in the definition of 
ur (x;9). We left the reader the verification that uh (x;6) is a locally constant 
function. Without loss of generality we may suppose that 8 is the characteristic 
function of a ball of type £o + (p e ^p)" with £o € M° and e a natural number big 
enough. Then we may suppose that £o G M° = Mj with I (j) = 1 and 9 |m = 1, 
see ([53] ) -(|6^I ]) . i.e. 



u H (x;9) = y x(£ifti (6, • • -,£n) + YTj=2 x jij) 



d^ 2 ■ ■ ■ d£ n 



therefore 



|uzr (x;9)\<cjd&-.- d£ n < +oo. 



a 



We now define 

Re: S(®%) -> 



0(-O«("Odw(O 



A/ 



where 6* is a fixed function in \&(Q™). 

Lemma 18. JVit/i £/ie above notation the following assertions hold. 

(i) Re is a distribution on Q™ with compact support. 

(ii) T- 1 [R e ]=u H (x;9). 
(in) \r\;R e =Qm S'{%). 

Proof, (i) The convergence of the integral defining Re is established as in the 
proof of Lemma fTTl It is clear that the support of Re is compact and it is contained 
in the support of 9 intersection with M. 

(ii) We recall that if T is a distribution in S'(Qp) with compact support, say 
supp T C B n N , then T~ x [T] G £(Q") and T~ x [T] (x) = (T (x) , A N (x) X (£ ■ &)), 
see e.g. |281 p. 109]. We apply this result to T = Re, with supp 9 C then 



J 7 [Re] (x) = (Re (0 , Ajv (0 X (£ ■ a:)) = / Ajv (-0 X (-£ ■ as) (-£) (0 

Af 

X (-£ • i) (-0 dw (0 = JxH-x)9 (0 (0 = Uff (z; 0) , 

M 

where we used (|6.3p - (|6.4|l to check that the last integral is invariant under £ — > — £. 
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and 



(iii) Since Re has compact support by (i), the product \f* |£ Re exits in S'((Q)™) 

(\r\;R0,<p)= h ^ oo (Re(x),[\r\;*s k ] osm*)). 

On the other hand, 



\r\**h 



(x) = (\r (y)\;,s k (x-y))=p- 



\f* {yT p d n y. 



By changing the center of the ball x + (p fe Z p )™, if necessary, we may assume that 
/* (x) ^ 0. Therefore 

~\fX*5 k ] ( X ) = \r (x)\; 

for k big enough depending on x, and 

(\r\;R e ,v) = (Ro(x),\r\z<p) = o for any v e s(q^. 

□ 

Theorem 5. TTie function u (x) — E a * p> + u H (x; 9) with cp G S(Q") and 
G SE'(Q™) is locally constant and is a weak solution of the equation f (<9, a)u = tp. 

PROOF. Lemma [T71 implies that uh (x; 9) £ £(Q"), now by using the fact that 
the convolution of a distribution and test function is a locally constant function, 
we get E a * <p £ £(Qp) and u (x) £ By Theorem g] we have that E a * <p 

is a weak solution of / (d, a) u — p. Thus to prove the result we must show that 
uh (x; 9) is a weak solution of / (d, a) u = 0. 

By extending f(d,a) to £(Q"), see Lemma [TBI we have that f(d,a)u = 
with u £ £(Q£) if and only if \f* £ J 7 [u] = in S'(Q"). Now by Lemma HH](ii)- (iii) 
Re — J 7 [uh (x; 9)} and i? e belong to S'(Q£) and R e = in S'(Q£). □ 

Corollary 2 (Existence of Plane Waves). The function x(£o • ™^ Co € 
Af° is a weafc solution of f (d, a) u = 0. 

Proof. The corollary follows from the fact that |/* (£)|p (C - £o) = in 
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